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I. INTRODUCTION 

Let M be the manifold of physical space, usu- 
ally taken to be d-dimensional Euclidean space M. d . 
Let Diff c (M) be the (infinite-dimensional) group of 
compactly-supported diffeomorphisms of M, under com- 
position. The local current algebra approach to non- 
relativistic quantum mechanics led to the understand- 
ing that a wide variety of quantum systems could be 
described by constructing the continuous unitary repre- 
sentations (CURs) of Diff c (M), the group of compactly 
supported diffeomorphisms of M (under composition) 

To say that the diffeomorphism of M has compact 
support means that for all points x G M that are outside 
some compact (and therefore bounded) region of M, the 
diffeomorphism acts as the identity operator: 0(x) = x. 
Our convention here will be to define the group prod- 
uct 0102 = 4>2 ° 0i j where o denotes the composition of 
0i,02 € Diff c (M); so that [0i0 2 ](x) = MM*)) fOT 
x G M. Thus we have a "right action" of the diffeomor- 
phism group on the manifold. 

In a very general framework, the Hilbert space where 
the unitary representation of Diff C (M) can be realized is 
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the space of square-integrable functions, TC = L^(A, W); 
where A is some configuration space on which the diffeo- 
morphism group naturally acts (with a right action), \x 
is a measure on A satisfying appropriate technical condi- 
tions, W is an inner product space, and the elements of 
fi are fA- measurable functions 'J (7) on A taking values 
in W. The inner product of two such functions in TL is 
given by 

(*i,*a) = / (*i(7).*2(7)>wdM(7) < 00, (!) 

J A 

where (^1(7), 1 &2{l))w denotes the inner product in W. 
Then the operators V(<f>) defining a CUR are given by 



w&mw = x*(7)*W7)y^(7); (2) 

where 07 refers to the action of the diffeomorphism on 
7 G A, and where X4> '■ — ► W is a family of unitary op- 
erators acting in VV satisfying a certain cocycle equation 
(see below). 

In this article we shall consider various candidates 
for a "large" configuration space, within which differ- 
ent choices of the space A may be situated, that permit 
the construction of measures having the necessary prop- 
erty of quasiinvariance under diffeomorphisms. We then 
focus on the generalized configuration space Em whose 
elements are finite or countably infinite subsets of M, 
and discuss ways of endowing it with a cr-algebra and a 
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topology. The results underlie the construction of mea- 
sures on generalized configuration spaces obtained from 
self-similar random processes in M. d (both for d = 1 and 
d > 1), which describe infinite point configurations hav- 
ing accumulation points. 

In Sec. II we briefly discuss the meaning of Eq. J3J), 
reviewing the necessary concepts. Sec. Ill surveys some 
aspects of several possible choices of "large" configuration 
spaces, while Sec. IV focuses on topology and measurable 
structure in Em- In Sec. V, we give a rapid overview of 
the construction of certain families of quasiinvariant mea- 
sures in E R d making use of self-similar random processes. 



II. MEASURES AND COCYCLES 

The measure \i that appears in Eq. J5J) and in the def- 
inition of Tt is, as usual, a countably-additive, positive 
real- valued function defined on a <7-algebra M. of subsets 
of A. It is required to have the key property of quasiin- 
variance under the action of diffeomorphisms on A. 

In general, let G be a group of transformations of a 
measurable space (X, M.), where M. is a G-invariant o- 
algebra of subsets of X. A measure /i on Ai is said to be 
invariant under G if and only if for all E G M, and for 
all g € G, fJ>(gE) — fJ-(E). It is said to be quasiinvariant 
under G if and only if for all E G M. such that \i{E) > 0, 
and for all g e G, fi(g(E)) > 0. That is, g € G acts on 
X in such a way as to preserve the class of sets that have 
/Lt-measure zero. 

Quasiinvariance is a fortiori a consequence of invari- 
ance, but not conversely. For example, Lebesgue mea- 
sure dx on X = M. d is invariant under the group of rigid 
motions (translations and rotations). It is quasiinvari- 
ant, but not invariant, under the group of compactly- 
supported diffeomorphisms of M. d . 

For (f) e G = Diff c (M) acting on X = A, define the 
transformed measure /i^ by setting fJ.,p(E) — fj,((f>(E)) for 
any E 6 M. Because of the group structure and the 
G-invariance of M, the quasiinvariance of /i under G is 
equivalent to the absolute continuity of fi^ >1 with respect 
to /i^ 2 for any 4>\,4>2 £ G. In particular, the quasiin- 
variance of fi is necessary and sufficient for the existence 
of the Radon-Nikodym (RN) derivative (dfi^/dfi)^) ap- 
pearing in Eq. (J2J), for all elements 4> G Diff c (M). For 
example, with M = R d , A = M. d , and d/j, = <ix, we have 
(d/z^/cfyi) (x) = ^(x), the Jacobian of </> at x. Since (j> 
has compact support, we have i7!/>(x) = 1 outside some 
bounded region of M. d . 

The square root of the RN derivative in Eq. @ is 
precisely the factor necessary to make the operators V(<j>) 
unitary in TL 1 since X4>(l) 1S to be taken as acting unitarily 
in W (see below). That is, the diffeomorphism (j) moves 
the argument of the wave function <I> , and the square 
root factor corrects so that when we calculate the inner 
product (V(cj))^!i, V 2 ) using Eq. (JTJ, we find that we 
have merely made the change of variable 7' = c/yy under 
the integral sign. 



Let T>(M) be the space of real-valued, compactly- 
supported C°° functions / on M. We have then the nat- 
ural semidirect product group V(M)x Diff c (M), with 
the group law given by 

& )(/ 2 , h) = {h + h°4>x,4>xfa)- (3) 

Now it may sometimes be the case that V(<fi) is a sub- 
representation of a CUR of T>(M)x Diff c (M), which we 
write U{f)V((f>). Then the operators U(f)J € V(M), 
typically act in Tt as multiplication operators, consis- 
tently with Eq. 

[C7(/)*]( 7 )=exp[i( 7 ,/)]*(7), (4) 

where (7, /) denotes an action of 7 <E A on / € T>(M) as 
a continuous linear functional. That is, the configuration 
7 is here identified with a distribution, and A is identified 
with a subset of the dual space T>'{M). This is one of 
the possibilities discussed in Sec. III. 

In Eq. @, : W — > W is a family of unitary opera- 
tors in W satisfying the cocycle equation 

X0i(7)x<fe(>i7) = X0i<fe(7), (5) 

which holds almost everywhere (a.e.) in A for each pair 
of diffeomorphisms (f>i,4>2- That is, Eq. JSJ holds outside 
a /U-measure zero set that in general may depend on (f>i 
and 4>2- 

The cocycle equation follows directly from the con- 
dition that V respect the group law, V (<j>i)V '((^2) = 
V(4>i4>2)- The trivial cocycle X<t>{l) = ^ is always per- 
mitted, and in the case of a CUR describing N iden- 
tical particles, this choice corresponds to Bose-Einstein 
statistics. Inequivalent choices of x<t> (noncohomologous 
cocycles) are associated with Fermi-Dirac statistics, non- 
trivial phase effects, and anyon statistics in two space di- 
mensions d, H, 0, 0, 0| , as well as with certain nonlin- 
ear variations of quantum mechanics 0, Q, . In the 
simplest cases, W is just the 1-dimensional space of com- 
plex numbers C, so that we have complex- valued wave 
functions on A. Then the x<f> ac t through multiplication 
by complex numbers of modulus 1. Higher-dimensional 
choices for W are associated with paraparticles in M 3 and 
plektons in JR 2 [H [3 03 • 

III. GENERAL CONFIGURATION SPACES 

To this point no universal configuration space for the 
representation theory of Diff C (M) has been agreed upon. 
Consequently we have no one universal configuration 
space for the physics of systems with infinitely-many de- 
grees of freedom in M. d , within which specific choices of 
configuration spaces for particular systems are situated. 
This very likely reflects a gap in our present level of un- 
derstanding. Let us describe here some choices that have 
been made, that allow the convenient description and in- 
terpretation of certain classes of unitary representations. 
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A. Locally finite point configurations 

The standard configuration space for statistical physics 
is the space TV?' of countably infinite but locally finite 
subsets of M, where usually M = K. d . Frequently one 
considers the disjoint union of this space with the spaces 

of TV-point subsets; thus Tm = UjvLi ' U ^m is tne 
space of all locally finite subsets of M. Measures on the 
configuration space T^ describe equilibrium states in 

R d in statistical mechanics; while ri^' also enters quan- 
tum theory in the description of infinite gases of quantum 
particles in M. d . 

Let |7| denote the cardinality of the set 7. A configu- 
ration 7 C M. d in has the properties that I7I = N , 
while for any compact set K C R d , I7 D K\ < 00. Then 
the diffcomorphism (f> G Diff c (M. d ) acts naturally on any 
configuration 7 G r K d by its action on the individual 
elements of 7. This clearly respects the property of be- 
ing finite or locally finite. Measures on that are 
quasiinvariant under diffeomorphisms have been exten- 
sively studied, and include Poisson measures and Gibb- 
sian measures 0, IE IE 0, 03 • 

In particular, the choice of a Poisson measure dp? on 
r^j\ with intensity a > 0, together with the trivial co- 
cycle x<t> = 1) gives a CUR of Diff c (R d ) via Eq. ©. This 
representation describe the infinite, free quantum Bosc 
gas having a as its average particle number density Q. 
Here we have, for any choice of cr, 

^§(7)=n^( x )- ( fi ) 

Since </> has compact support and 7 is locally finite, it is 
evident that all but a finite number of terms in the infinite 
product of Jacobians in Eq. 10 are equal to 1. Thus 
this product gives a finite, nonzero result for the value 
of the RN derivative — expressing the fact that Poisson 
measures on T^^ are quasiinvariant under compactly- 
supported diffeomorphisms of R d . 

B. Configuration spaces of closed subsets 

A much larger c onfigura tion space, introduced in early 
work by Ismagilov [2(J, |2l|, |23, |23j , is the space Vl M of all 
(non-empty) closed subsets of the manifold M. For any 
closed set C G Qm, define the natural action of a diffeo- 
morphism (f> G Diff c (M) on Hm by <f> C = { cA(x) | x G 
C}. Evidently (f>C also belongs to £1m, and we have a 
(right) group action. 

A cr-algebra for Q,m is generated by the family of sets 
in fijvf consisting of all closed subsets of a given closed 
set. Thus for C G Cl M (i.e., for C C M closed), let Cl c = 
{C gOm|C" CC}. Then let Bn M be the smallest cr- 
algebra containing the family of sets { ft c} c c m closed ■ 
This cr-algebra can also be obtained as the algebra of 



Borel sets with respect to a topology on 17m, for which a 
subbase is the family of sets {C\CC\0 ^ 0}e>c m open ; 
i.e., the family of subsets of VLm whose elements meet a 
given open set O C M. 

Evidently any locally finite configuration 7 G Tm is 
also a closed subset of M , so that in general we have 
Tm C Om- 

C. Configuration spaces of generalized functions 

Another possibility is to work with the dual space 
T>'(M), as suggested by the CURs of the semidirect prod- 
uct group mentioned in Sec. I. That is, a configuration 
7 G V{M) is a continuous, linear, real- valued functional 
on T>(M) — a distribution or generalized function on M. 
This is especially convenient for representing Eq. Q, as 
we can immediately write (7, /) for the value taken by 7 
on the function / G V{M). 

Diffeomorphisms act on T)'(M) by the dual to their 
action on T)(M); i.e., (fry is defined for 7 G T>'(M) by 
(<hs /) = <7, f°4>) for all / G V(M). [With this definition 
and our earlier convention, we have (</>i 1^2)7 = ^2(^17), 
so that the group action is a right action as desired.] A cr- 
algebra in T>'(M) may be built up directly from cylinder 
sets with Borel base j24j, or V'(M) can be endowed with 
the weak dual topology and measures constructed on the 
corresponding Borel cr-algebra. 

Evidently Tm, or more specifically T R d , may be iden- 
tified naturally with a subset of V'[M), or V'(R d ), by 
the correspondence 

7-£**' (7) 

xg 7 

where <5 X G T>'(M) is the evaluation functional (i.e., the 
Dirac 5- function) defined by (6 X , f) = /(x), x G M. 

The so-called "vague topology" in Tm is in fact the 
topology that Tm inherits from the weak dual topology 
in T>'(M). While Tm is not a linear space, the larger 
space D'(M) is. In addition to linear combinations of 
evaluation functionals (with possibly distinct real coeffi- 
cients), T>'(M) contain other kinds of configurations of 
physical importance, that do not belong to Tm and in 
some cases are not easily identified with elements of Om- 
For example, configurations may include terms that are 
derivatives of (5-functions, as well as generalized functions 
with support on embedded submanifolds of M . 



D. Configuration spaces of embeddings and 
immersions 

Still another characterization of a "large" space of con- 
figurations in M begins with some other manifold (or 
manifold with boundary) L, together with a set of maps 
a : L — > M that obey some specified regularity and con- 
tinuity properties (for which there are numerous possible 
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choices). Then we call L the parameter space for the 
corresponding class of configurations, and M the target 
space. When a is injective (so that self-intersection of the 
image of L in the target space is not permitted), we have 
a configuration space of embeddings, while without any 
such restriction we have a larger space of immersions. 

We have at the outset the choice of considering parame- 
terized or unparameterized maps. A space of parameter- 
ized C k immersions consists of mappings a(6), 8 6 L, 
that are C k for some fixed integer k > 0. For <f> S 
Diff c (M), the formula [4>a]{9) = 4>{a{6)) (i.e., 4>a = 
4>oa) defines the desired (right) group action on the space 
of parameterized immersions. In addition, the group 
Diff(L) acts on the space of immersions (as a left ac- 
tion) by reparamaterization, so that for ip £ Diff(L), 
ip : a — > a o ip. 

Then an unparameterized immersion is just the im- 
age set K — a(L) C M, where the parameterization 
of K has been disregarded. Alternatively, we can think 
of the unparameterized immersion as an equivalence class 
of parameterized immersions modulo reparamaterization. 
Note that the action of Diff c (M) on the space of (pa- 
rameterized or unparameterized) immersions leaves the 
corresponding space of embeddings invariant as a subset, 
and preserves the continuity properties of configurations 
in the space. 

If L is the circle S 1 , for instance, configurations are C k 
loops in M. The embeddings are the non-self- intersecting 
loops. The action of the diffeomorphism group also re- 
spects the knot class of the loop. If L is the closed interval 
[ 0, 2ir ] , configurations are finite arcs in M. Further possi- 
bilities include ribbons, tubes, or higher-dimensional sub- 
manifolds of M. 

The configuration space of unparameterized immer- 
sions of L in M is a subset of the configuration space 
Qm, invariant (as a set) under the action of Diff c (M). 
This description thus allows us to refine SIm as sensitively 
as desired, according to the topological and continuity 
properties of extended configurations. 

For example, quantized vortex configurations in ideal, 
incompressible fluids are obtained from representations 
of groups of (area- and volume-preserving) diffeomor- 
phisms of M 2 and K 3 . For planar fluids, pure point 
vortices are not permitted quantum-mechanically, but 
one-dimensional filaments of vorticity are allowed. Sim- 
ilarly, in R 3 pure filaments are kincmatically forbidden, 
while two-dimensional vortex surfaces, e.g. ribbons or 
tubes, can occur [2^, |2^, 153, HU. But a major gap is 
the construction of measures, quasiinvariant under dif- 
feomorphisms, directly on spaces of filaments or tubes. 
One approach to the filament case has been suggested by 
Shavgulidze p^ . 

Naturally a nonrelativistic quantum theory of strings, 
with R d as the target space, also depends on quasiinvari- 
ant measures on the space of loops. 

In addition, we remark that diffeomorphism-invariant 
measures are important to the long-standing problem 
of finding consistent theories for quantized gravity; for 



instance, Ashtekar and Lewandowski have constructed 
a faithful, diffeomorphism-invariant measure on a com- 
pactification of the space of gauge-equivalent connections 

Reparamaterization invariance has nice consequences 
for quantum mechanics, when expressed in terms of dif- 
feomorphism group representations. Note in particular 
that we can consider the iV-particle configuration space 
Fj^ as a special case of embeddings modulo reparama- 
terization, with the discrete manifold L = {1,...,N}. 
The group Diff(L) in this case is the symmetric group 
Sn- The corresponding configuration space of param- 
eterized embeddings is the space of ordered iV-tuples 
(xi, . . . ,xjv) of distinct points, Xj ^ X& for j ^ k. The 
space of parameterized immersions of L in M includes 
the iV-tuples with coincident points. 



E. The configuration space of countable 
subsets of R d 

The idea pursued in the balance of this article is the 
construction of measures, quasiinvariant under diffco- 

morphisms of R d , on the space of countably infinite 
subsets of the physical space R d that are not necessarily 
locally finite. Alternatively, we may work on the space 
£ R d whose elements are subsets 7 C R d that are finite or 
countably infinite, with 

00 

S R d = |J rj^° |J £^ . (8) 

iV=l 

We call this the space of generalized configurations. 

Our main mathematical motivation for working with 
this space is that measures on it can be constructed by 
means of random point processes on spaces of infinite 
sequences of points in M. d . We shall project the measure /i 
on [R d ] °° that results from such a point process to define 
the corresponding measure fj, on E R d, thus obtaining a 
measure on the space E^f^ . 

A physical motivation for this direction of work is 
the goal of constructing quasiinvariant measures for 
spatially-extended systems, which is in general an un- 
solved problem. Since M. d is separable, any closed set in 
M. d can be obtained as the closure of an element of S R d ; 
so that the closure map 7 — > 7 from E R d to S7 R d is sur- 
jective. Thus our present approach — which puts us into 
a still larger configuration space than that of Ismagilov — 
may permit point-like approximations to embedded man- 
ifold configurations. 

Apart from this general consideration, the specific 
measures we can construct appear to have a direct in- 
terpretation as descriptive of idealized quantum or sta- 
tistical configurations forming "particle clouds" about a 
locus of condensation. These allow for a kind of "phase 
transition" from a rarefied to a condensed phase, as the 
self-similarity parameter passes through a critical value. 
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Let us write ui = (xj) G [R^] 00 to denote an infinite 
sequence, with j = 1, 2, 3, 

Now generalized configurations, like infinite sequences, 
can have accumulation points. A point x G R d is an ac- 
cumulation point of a set 7 C R d — or, respectively, of an 
infinite sequence u> — (xj) € [R d ](°°) — if for any neigh- 
borhood U of x, the set U — {x} contains infinitely many 
points of 7 (respectively, uj). An accumulation point of 
7 may or may not itself be an element of 7. Evidently 
diffeomorphisms of R d act naturally on generalized con- 
figurations, respecting accumulation points: if x e l d 
is an accumulation point of 7 G E R ?\ then 4>{x) is an 
accumulation point of <fry. The points belonging to con- 
figurations in can cluster in such a manner as to 
yield fractals or even more complicated objects. 

The set of sequences containing coincident points is 
called the "diagonal" D in [R d ]°°; that is, D = {(xj) G 
[R d ]°° I Xk = x^ (for some k ^ £)}. Typically D is of mea- 
sure zero for the point processes of interest, and for tech- 
nical reasons it will often be convenient to exclude it. 
We have the natural projection from the sequence space 
to the configuration space, p : [R d ]°° — > £ R d, given by 
p[(xj)] = {xj}. The image of [R d ]°° under p is all of 
Sgd , since the possibility of repeated entries in elements 
of [R d ]°° permits the corresponding configurations to be 
finite as well as infinite. Then [R''] 00 can also be thought 
of as a fiber space over E R d . It is natural to consider also 
the restriction of p to sequences without repeated entries, 
p : [R d ]°° — D —> (which is surjective). 

Note that the space may also be regarded as a 

special case of the space of unparameterized embeddings 
discussed in the preceding subsection. The target space 
M is R d ; the parameter space L is N (the set of natural 
numbers); and Diff(L) is the group 5°° of bijections of 
N. Of course, [R d ]°° — D is then seen as the space of 
parameterized embeddings of L into M; while [R d ]°° itself 
is the space of parameterized immersions. 

For any diffeomorphism <fi of M. d , we have <pp[(x.j)] = 
{</>(xj)} = p[((j>(xj))]. Thus we can project a probabil- 
ity measure on the sequence-space [R''] 00 or [R d ]°° — D, 
constructed as is usual from an infinite sequence of condi- 
tional probability densities on R d , to a probability mea- 
sure on the configuration space , consistent with the 
action of Diff c (R d ). 

In earlier work, it was shown how for the one- 
dimensional manifolds R 1 or S , self-similar point pro- 
cesses in the manifold lead quite generally through such a 
construction to quasiinvariant measures on the configura- 
tion space of countably infinite subsets [32l l33l l34l l35l l3t| . 
The quasiinvariance is intimately related to the self- 
similarity. In Sec. IV we shall discuss further the rele- 
vant er-algebra on this configuration space, which lays the 
foundation for completing the rigorous proofs of earlier 
conjectures. Then we shall indicate how the generaliza- 
tion to d > 1 is carried out |37|. 



IV. TOPOLOGY AND MEASURABLE 
STRUCTURE ON E K£i 

There are at least two possible approaches to defining 
a CT-algebra on the generalized configuration space S^J . 

A. Indirect approach through [R d ]°° 

The indirect approach makes use of the sequence space 
[R d ] 00 , which is endowed with the well-known weak prod- 
uct topology t w . Let us write x 3 (a;) for the jth entry of 
uj G [R d ] °° . The weak topology is then the coarsest topol- 
ogy for which all the natural projections ttj : [R d ]°° — > R d 
given by uj — ► x.j(uj) are continuous. This topology is in- 
herited by [R d }°° - D. 

Let Z?([R d ]°°) denote the er-algebra of Borel sets in 
[R d ]°° with respect to t w . This naturally induces a CT- 
algebra in S R d — namely, the largest cr-algebra with the 
property that the projection p : [R d ]°° — > £ R d is mea- 
surable |U 13 • More precisely, we introduce in £ R d the 
CT-algebra 

V w &v) ■= {A C E Rd I p-\A) g B( [R d ]°°)} , (9) 

to which each of the subsets , JV = 1, 2, 3, . . . , as well 

as £ R T\ belongs. 

Evidently the set of accumulation points of an infi- 
nite sequence in R d or R d — D may be empty, finite and 
non-empty, countably infinite, or uncountably infinite. 
Since accumulation points in R d depend only on the set 
7 = {xj}, and not specifically on the sequence (xj), all 
the distinct elements of p _1 (7) have precisely the same 
accumulation points. 

Now it is straightforward to demonstrate that various 
sets of interest in f^f 1 belong to V w , by showing that the 
corresponding sets of sequences belong to 2?([R d ]°° — D). 
A series of lemmas in earlier work [3^, |3|j shows that 
the set [R d ]°° - D itself belongs to B([R <1 ] 00 ), and that 
the following subsets of [R^] 00 — D are likewise Borel: 
the set of all nonrepeating sequences having precisely n 
elements in a given compact set K C R d ; the set of all 
locally finite nonrepeating sequences; and the set of all 
nonrepeating sequences having precisely N accumulation 
points in K. Each of these sets is the inverse image in 
[R d ]°° — D (under the projection p) of a set in hence 
the corresponding sets in are measurable. 

In fact, V w (Yh?£ ) is sufficiently rich to permit us 
to count the numbers of accumulation points of con- 
figurations that are located in arbitrary Borel sets of 
R d (not just compact sets). In particular, the subsets 
£ R d°j^ C consisting of generalized configurations 

having exactly N accumulation points in R d are measur- 
able. The inverse image p _1 (£l^°L) is the set of infinite 
sequences having precisely N accumulation points, which 
we denote by [R d }% C [R d ]°° (for N = 0, 1, 2, . . . ). 



6 



Suppose that we have a probability measure /i on 
[R d ]°° or [R d ]°° - D. Then we obtain a probability mea- 
sure fi on E R d by defining, for all A £ P w (T, R d), ft (A) 
— p{p~ 1 (A)). The most straightforward way to con- 
struct a countably additive measure p on [R d ]°° [with 
the (T-algebra £>([R rf ]°°)] is to specify a compatible family 
of measures on the finite-dimensional spaces from which 
[R d ]°° is constructed as the projective limit. The exis- 
tence of the corresponding measure fi is then assured by 
Kolmogorov's theorem. If fj, is quasiinvariant under dif- 
feomorphisms of R rf , then our construction ensures that 
(l is also quasiinvariant as desired. 



B. Direct approach 

The more direct approach to constructing a er-algebra 
on E K T^ is simply to specify a generating set of subsets 
of E R d or E^ 3 ' for the cr-algebra, or else to introduce a 

topology in E R d or E^J and to take as our cr-algebra the 
Borel sets with respect to that topology. 

For instance, we may begin with Ismagilov's cr-algebra 
on f2 R d described above, and lift it to a cr-algebra 2" (E R d) 
using the closure map. The generating family for X (E R d) 
becomes all sets of the form {7 <E E R d | 7 C F}, where 
F £ f2 R d is closed. Because F is closed, 7 C F if and 
only if 7 C F. The complement of a set in this generating 
family is the set Ojj — {j £ E R d | 7 n 1/ 7^ 0}, the set of 
all configurations that meet the open set U C R d ; where 
U is R d - F. The collection of sets {O v \ U C R d open} 
likewise serves as generating family for X (E R d) |37|. The 

subsets r^, and S^J of E R d belong to Z(E R d). 

We can make use of these families of sets to introduce 
a natural topology on E R d . Define a subbase of open sets 
for a topology r Q in E R d to be {Ojj \ U C R d open}. Note 
that for any index set J, U ae / Ojj a = O [ Ua£I jj a ], while 
^ j = i....,nOu j D0[n j = 1 „u-]- The finite intersections 
of sets in the subbase form a base for r G . 

In the topology r D , the subsets T 1 ^ C E R d (for n > 1) 
and C E R d are neither open nor closed. However, 

for each N > 0, {7 | | 7 | < N} = \Jn=i T< ^ is closed - 
Of course, we may also consider separately the topology 
induced in by t q . 

Now the cr-algebra Z(E R d), that we obtained by lift- 
ing Ismagilov's cr-algebra to E R d by the inverse image of 
the closure map, is precisely the Borel cr-algebra 2? (E R d) 
with respect to the topology t . Indeed, we noted already 
that the complement of Ojj in E R d is just {7 £ E R d | 7 C 
R d — U}. Thus we have immediately that i3 (E R d) con- 
tains X (S R d), and the closure map is r -Borel measurable 
with respect to Ismagilov's cr-algebra on f2 R d . Conversely, 
let {Uj I j = 1, 2, 3, . . . } be a countable base for the topol- 
ogy in R d . Then {Ou j } is a countable subbase for t , and 
the finite intersections of such sets form a countable base 
for t whose elements are obtained directly from the gen- 
erating family for X (S R d). Hence i? (£ R d) = X (S R d). 



Sakuraba constructs and discusses a related topol- 
ogy t s on T,m (here M = R d ), obtained as a quo- 
tient of the product topology on the disjoint union of 
M™, n = 1, 2, 3, . . . , and M°° with respect to the sym- 
metric groups S n and the infinite symmetric group |37| . 
In this construction, the topology on Em is the sum of 

topologies on the components and and each 

(n) 

of the subsets T K M ' is both closed and open. Restricted to 
each component, t s coincides with the topology induced 
by r . Thus the family of Borel sets of t s coincides with 
the family of Borel sets of t q . 

The fact that X(S R d) C V w (E^d) is straightforward: 
since 

00 

p- 1 (Ou)= [J{oj£ [R d p x»e[/}, (10) 

i=i 

the inverse image of Ojj is open in the weak topology 
of [R d ]°°, and therefore O v belongs to V w {T, Rd ). But 
X(S R d) is in fact smaller than 7\,(E R d), and too small 
for certain purposes. Indeed, by our previous result any 
r -Borel set B is the inverse image under the closure map 
of a set in the cr-algebra on f2 R d generated by the sets Hp; 
thus it has the property that if 7 £ B, 7 £ B, 

But it is easy to construct sets in V w (T, R d) that do not 
have this property. For example, define the set O v of all 
configurations 7 £ E R d that are subsets of a given open 
set V. Evidently, there exist countably infinite subsets 
of V whose closures are no longer subsets of V, so O v 
does not belong to X (S R d). However O v does belong to 
■Pu^Ejjd), which follows from the fact that 

p-\0 V ) = p- 1 ({ 1 £Z Rd \ 1 CV}) 



= f|{c|x»en- (11) 
3=1 

Thus X (Ej^) ? V w (^ } ). The a-algebra I (S R d) is 
just not large enough for us to be able to count the num- 
ber of points in a configuration that belong to a given 
open set in R d . 

This example suggests consideration of the Vietoris 
topology on subsets of R d , restricted to S R d or to \ 
Let us call this topology t v . A subbase for t v is given 
by sets of the form O v fl Ou where U and V are open; 
so that O v is itself open in The Vietoris topology 
has many nice properties [i(J, HH |43 • Considering then 
the cr-algebra B v {Y> R d) of Borel sets with respect to t v , 
we have X (E R d) c B,,(E R d), but J(E R<i ) ^ fi„(E R d). 
Furthermore, B v (T, R d) C P„,(E 8( j). To show this, con- 
sider again a countable base {Uj, j — 1,2,3,...} for 
the topology in M. d . A countable subbase for t v is then 
{ Uj n Ou k , j,k = 1, 2, 3, . . . }; and a countable base 
for t v consists of finite intersections of such sets. Since 
p- l (O u *) &nd.p- x (p Uk ) are both Borel in [R d ]°°, the in- 
verse image of any open set in t v is Borel in [R d ]°°, which 
suffices for the result. 



7 



We have not, however, determined whether S,j(E R d) is 
or is not strictly smaller than V w {Ti^d). 



V. SELF-SIMILAR RANDOM POINT 
PROCESSES IN R d AND QUASIINVARIANT 
MEASURES 



Now we are prepared to construct measures on the 
a- algebra B( [R d ]°°) by means of random point pro- 
cesses, using sequences of conditional probability densi- 
ties. When we do so, it turns out that the RN derivatives 
under transformations by diffeomorphisms take the form 
of an infinite product, 



, oo 



(12) 



Here u> £ [R d ]°°, and the Uj^(uj) are measurable func- 
tions that depend only on the first j entries of u>. 

Quasiinvariance of /i then requires that l!12[l converge 
to a non-zero, non-infinite limit almost everywhere in fi, 
for each </>. This means that the individual terms Uj^(u>) 
must approach 1 sufficiently rapidly, as j ' — > oo. Under 
conditions that in fact hold for the measures discussed 
here, these convergence properties have also been proven 
sufficient to ensure the quasiinvariance of /j, |3?| , and as a 
direct consequence, the quasiinvariance of the projected 
measure /} on £ 



(oo) 



Let /(xj|xi,. 



be a non-singular probability 



density on R d for selection of the point Xj , conditioned on 
the previously-selected points Xi, . . . , Xj_i in some ran- 
dom sequence. Then rf^-(xj) = /(xj|xi, . . . , Xj_i)dXj 
defines a conditional (Borel) probability measure fij on 
R d that depends measurably on the j — 1 real parameters 
xi, . . . , Xj-_i (the positions of the first j — 1 particle co- 
ordinates), and is absolutely continuous with respect to 
the Lebesgue measure dx.j . We can interpret the joint 
probability measure for the first k points, specified by 
rf^( fc ) = Ylj—i dfij, as a measure on [R d ]°°; and the se- 
quence (/x^), k= 1, 2, 3, . . . , is then a compatible family 
of probability measures. 

By Kolmogorov's theorem, there is a unique measure 
fi on [R d ]°° determined by the sequence (p( k '). Under 
transformation by € Diff c (M. d ), the RN derivative for 
^( fe ) (when it exists) is given by the finite product 



dfi 



(fc) 



d^j,<j> 



where 



d^j,<t>f, ^ _ /(0( Xj)|0(xi), . . . , </»(Xj_i)) ^ ^ ^ 



/(x i |xi,...,x i _i) 



The quasiinvariance of /i^ fc ' is assured as long as the RN 
derivative in Eq. (|13|) is almost everywhere positive and 



finite. Now, as anticipated, in the infinite-dimensional 
case quasiinvariance of the measure /i under diffeomor- 
phisms turns out to depend on the behavior of the infinite 
product in Eq. I|12|). with Uj^(ui) = [dfj,j t< f,/dlu,j](u)). 

Of course, not every measure so constructed will be 
quasiinvariant. The idea that leads to an interesting 
class of quasiinvariant measures is to scale the proba- 
bility distribution of the jth particle's position according 
to the outcomes for the previously chosen particle po- 
sitions. This establishes a self-similar random process, 
where in the vicinity of accumulation points the ratio of 
probability density functions in Eq. I|14f) approaches the 
inverse of the Jacobian as j — ► oo. The resulting physical 
systems behave like an interacting gas of particles with 
one or more loci of condensation. However, our approach 
differs from the usual one in that our probability mea- 
sures are constructed directly, rather than by means of 
an interaction Hamiltonian. 

In general, if the positions of the particle coordi- 
nates Xj(oj), or the successive difference coordinates 
yj + i(cj) = Xj+i(w) — Xj(cj), distribute independently but 
non-identically — so that points can accumulate with non- 
zero probability — the resulting measure will not be quasi- 
invariant. However, Ismagilov did demonstrate quasiin- 
variance under diffeomorphisms of the measures resulting 
from a particular class of processes of this type, in one 
space dimension |20j. 

Sakuraba |3?| showed that the quasiinvariant measures 
constructed by Goldin and Moschella from self-similar 
random processes, and the quasiinvariant measures of Is- 
magilov, are mutually singular. 



A. Example for d = 1 

Let us illustrate with the examples based on Gaussian 
probability densities. Working first with d = 1, choose 
an initial point x$ from a nowhere vanishing probability 
density fo on R. For j = 1, 2, 3, ... , let Xj = Xj-i + yj, 
where the yj are a sequence of deviation values. Choose 
the value y\ from a unit normal distribution gi, with 
mean 0. Given the values yi, . . . , yj, choose y-j+i from a 
normal distribution with mean 0, and standard deviation 
o~j = K \ Vj\, where k > is a fixed correlation parameter 
independent of j. Small values of k correspond to more 
tightly bound systems. Thus we have the conditional 
probability densities for the yj, 



(13) 9j+i(yi+i\yj) 



(27T) 



\Vi\ 



exp 



1 

2^2 



Vj+l 
Vi 



(15) 



For sufficiently small values of k, (jjj) converges to (with 
probability one), while 2 3=1 \Vj\ < °°- 

Let Diffc(WL) denote the stability subgroup of Diff c {R), 
consisting of the compactly supported diffeomorphisms of 
R that leave the origin fixed. The measure on the space 
of sequences (yj) resulting from the densities in Eq. i|15|) 
is then quasiinvariant under the action of elements of 
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Diff^R). We thus obtain the random sequence u> = (xk), 
with Xk = xq + / i Uj, and the corresponding random 
configuration 7 = {xfc}. 

Defining the terms Uj^ in Eq. I|12|l accordingly, we ob- 
tain uj — » 1 sufficiently rapidly to ensure convergence of 
the infinite product. More precisely there exists a critical 
value kq such that if < k < kq , sequences [xj ) converge 
to an accumulation point with probability one, while if 
kq < sequences diverge geometrically with probabil- 
ity one. In both cases, the associated measures on £{j^P 
are quasiinvariant under compactly supported diffcomor- 
phism of R HI HI i3. The proofs make use of the 
strong law of large numbers. 

The above is not tied essentially to the use of normal 
distributions; all that is really necessary for is the scal- 
ing property. Thus, for a whole class of models, there 
exists a critical value kq of the scaling parameter k. For 
< k < kq, the generalized configuration {xj} has an 
accumulation point with probability one; we call this the 
condensed phase. For kq < k, {xj} has zero average den- 
sity; we call this the rarefied phase. For each value of k 
(except for the critical value itself), we have a bona fide 
unitary representation of Diff c (R), describing the asso- 
ciated quantum system. 

B. Generalization to d > 1 

It was suggested earlier that a procedure similar to 
that suggested by Eq. (jT5|l would work in d space dimen- 
sions, d > 1, to yield measures on the space of general- 
ized configurations quasiinvariant under Diff c (R d ); with 
the conditional probability density for y^+i dependent 
on the preceding d outcomes (y^-d+i, ■ ■ ■ , yj) through 
the covariance matrix of a multivariate normal distribu- 
tion [33L l34| . The generalization obtained by Sakuraba 
|37| achieves this, but also involves some new aspects. 

Consider a random process where, at each stage, d vec- 
tors in R d are to be selected. Thus at each stage we are 
choosing a d x d random matrix V, and it is appropriate 
to think of w £ [R d ] 00 as the sequence of square matrices 
([xi, . . .x d ], [x d+ i, . ..x 2d }, ■■■)■ 

For the square matrix Y = [jjij], define the norm 

11*11 = [Ei,j=i Vij ] 1/2 - Note that 11*11 is a vector norm i 

not the operator norm of the matrix. For Y £ GL(d, R), 
define the condition number k(Y) — \\Y\\ ■ ||Y _1 ||. We 
may write Y = P\Y\, where P is an orthogonal matrix 
and where \Y\ = yY t Y is positive. Let T\,...,T d be 
eigenvalues of the matrix \Y\. Then ||Y|| = || \Y\ \ \, and 

\\Y\\ = [EUrn i/2 , \\Y- 1 \\ = [ZW r f*l 1/2 > 



fc(F) = [E^. =1 (r i /r i ) 2 ] 1 / 2 . (16) 

Evidently k (Y) characterizes the amount of deformation 
under linear transformation by Y . If Y is not invertible, 



then k(Y) is undefined (or infinite). Such matrices be- 
long to measure zero sets in the constructions that follow. 

We next construct a measure on [ GL{d, E)]°° and thus 
on quasiinvariant under Diff^iR! 1 ). Define the 

probability density function 

f(Y) = Cexp{-^l\\Y\\k(Y)f} (17) 

on the set of d x d matrices, where C is a normal- 
ization constant chosen so that J f(Y)dY = 1; here 
dY = dyi . . . dy d . Let /i( fc ) be the probability measure 
defined by 

j (k) tfv\f(Yl 1 *2) /(*fe_l*fe) 

d » = • • • I det Y^ dYl '-- dYk ' 

(18) 

where d[i^ — dfi^ (Yy, . . . , Yk). Then fi^ is concen- 
trated on [GL(d, R)] k ; i.e., the set of sequences with one 
or more non-invertible matrices is of measure zero. 

Then we again have a critical value kq. For k < kq, 
the sequence (Yj) of matrices — and thus the sequence 
of component vectors (yj — converges to with proba- 
bility one; while for kq < k, it diverges with probabil- 
ity one. Furthermore, the projective limit measure fi on 
[GL(d,R)]°° has the desired property of quasiinvariancc 
under Diff§(R d ). The presence of the condition number 
k (Y) in Eq. (|17|l is essential for the estimates required 
in demonstrating convergence of the infinite product in 
the resulting expression for the RN derivative. The proof 
here again uses the strong law of large numbers. 

Eq. I|17|l can be generalized, replacing k (Y) by k (Y) a 
(a > 1), and replacing the Gaussian density by a more 
general probability density function. 

Finally, we may begin with a matrix of positions 
X a = [ , . . . X(j ] , chosen from a nowhere vanishing prob- 
ability density. Let Xo be the center of position of the d 
vectors comprising Xq. Now we may treat each new ma- 
trix Yj as a set of deviations from the center of position 
of the preceding set of vectors Xj-i; so that with obvious 
notation, Xj = Xj-_i +Yj. In this manner, we obtain a 
measure on [E rf ]°° quasiinvariant under Diff c (R d ), that 
projects to a quasiinvariant measure on the space Ej^ of 
generalized configurations. 

More details about the prec eding results may be found 
in the thesis of Sakuraba [37| , and in forthcoming publi- 
cations. 



VI. CONCLUSION 

We believe the work summarized here strengthens the 
case for basing a theory of statistical physics in the man- 
ifold M on the configuration space Tim of countable sub- 
sets of M, endowed with the Vietoris topology. Measures 
obtained from random point processes in M project to 
measures on Tim, and when we consider self-similar ran- 
dom processes, we obtain measures quasiinvariant under 
the group of compactly-supported diffeomorphisms of M. 
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The problem of relating these measures to Hamiltonians 
on a classical phase space remains open. 
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